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Continue with the symmetries of

Changed particle on a ring around

a solenoid
.

s= ftztodt + ezttodt
¢~ 0/+2 'T

too = eiokt )

Ho=h÷fi:p -op
acting on E(st )

Classical system has 0 (2) symmetry

Rcx )
,

PE p

P Rcx ) P = Rcxj
'

= Rex )



Complete set of eigenvectors of HB

imo ¢→¢+xVIA ) - tree
< en

Em = tsfetm- B } M€2
.

Realize the symmetry ops

quantum - mechanically

Rs . 4h = eimalk

DEP.im#tzf
Naively ¢ -4 Yh → 4-

m

but these have different
. eds

But now :



RK ) Rcp ) = Rcxtp )

p = 1

QPRHF

=

£-018.1Ref
.

Gg =

group of operators

generated by RK ) &~x+⇐
,

Q and z . 11yd ZEUCI )

I → Ui ) →GB→O @ ) → I

|2B⇒ I
,

2Be2Z@ezj2BE2ztlsfsez.k
)

Beesez←=eiBFET,dTarget
makes Sense

X~dt2f.



*

: ZAP = 845
'

←

So rotation in target space ,

of → ¢ tx is implemented
by2÷

x -

But when 203 odd

Introduce a
group Spink )

As an abstract
group

Spink ) ~~ UH ) = SON ~~R/z
Spin @ ) is different from SOG )

because it comes with a double

covering :

l→Zz→Spin(2)→S(2) → 1



Define Spink ={exp@oy2) /

RTF :-.

£~£+2# }
expert ) = expfaa )

= Cos I + isinx r3

ITRecall such → SOH ?

u EIU
"

= Hu,.IE ).se
Restrict to U= cost tisinxo '

I .FafE
,

Yzi ' )
check t( exp do 'm ) is

rotation by 2£ around z - axis
.

#R&

, ) = RGI )



Pint (2) : = Spin ( 21×1
Ze

a
=P

s Fear
= BE '

= pita )
.

If 203 is odd we have
an isomorphism

GBIUMxp.int

\→{±l
} →

Pinza
→

Ogg
) → 1

7 im
11 → Gps → 04 ) → 1



P Eat
'

⇒n¥YuKhiIjnuITTY
because Spin A) double

Covers SO @ )

F - p

p ( FAIRdisks '

)
gives a true relation

thanks to

P Rca ) P = el • ×

Rex )
.



Suummunyl
. Classical theory has OCZ) symmetry

2
. 203€21 Quantum Theory only

has Soc2)
.

No
quantum analog

of p. see that from spectrum
of HB : all eigenspacesaretdim .

3
. 2Beve= : Sequence splits

and Gz Z UCI ) XOCZ )

O@ ) remains a

quantum symmetry
realized by P and RTA )

4
. 2B odd :

spatsequence does not

I →Zz→PintC2) -s0 (2) → 1

tax ) - £B - @C2)t1



p ( AE , ) = Ei2B£ R(2£ )

p ( § ) = P

Rep. of Pint (2) on Ll
,

Commuting with It
Remarks

-

1
. Particle we put on the ring

did not have
any

intrinsic spin .

H = ¥
±

L=
angular

Momentum

28 odd
quantum system has

Yz -

integral spin !

Example of topological terms

inducing fractional quantum numbers
.



2
. Spin and Pin Groups-

Clifford algebra is an algebra

( Vector space WV w/ multiplication
of vectors VXV → V )

El
)

- ' '

is Ed basis for V

Suppose F quadratic form

Q : Vx ✓ -

k←
field

Q @,
e ; ) = Qij nondeg .

-

Relations invertible
.

%Cjteje;=2QijfNow
you

"

multiply
"

vectors

↳

,[ECia ' in eiieiz .
. - e

;*
c- Cliffe )

provided we use relations *



Cliff.TV/(eiej+ejei-2Qij1l)

÷iij }=2Qij1
.

star avectw V= vie
; e : basis

for ✓
define 8y==Vita←

ee¥e Viei E Cliff )
,

( jcv ) }= QH - I
.

If Qija Sij tzijed

{ 8
, ;D . }=28i

;

Pinta :={±kv, ) ... .hn/vis#-

+

.me
-



( → zapintcd)

to
(

dF→
i

generalize our covering map

[
UE . Fri

'

- @HI'

) . I

C-isrgtcwig
'

=J⇐y)

.w)←
We V

, gePinttrim . - knife
€4

g= Jcv ) for some ✓
,

VZ
1

C- Pintcd )
,

r=i

#E

t.TK#&I'

= {
' '

In
'

'

tw¥J ( w ) if wtv

= Krxw ,
5 -

Toes



Spinal ) a Pinto )

{ him ... .r¥) Intel, }
projects under it to a product
of event # of reflections

H{±i } → Spinal ) ¥ SOQ ) → 1

Imep
of D

,
=p

'
best y

,
=pClc

:pin (3) I SUG )
but for d > 3

Spinal ) is not an orthogonal
or

unitary
group .



Pin -

(d) ? Qij =  - esij

{ Vi ,8j } = - 28 ij

k=R nonisomorphiccliffndafebs
Clfd ) ¥-Ckd ) ( in general )

.

Pined ) = { trim . . . km ) vit -1 }
re Z+

.

Our Pint (2) is a special
Case of the above :

spend : ( vitro ) fwttwyz )

FEI TI ,
-

IT + Pin ) 5102
Check : "

Cos I + sins o 'rePinter)=SpiaXZ=
⇒ ,



The difference between Printed )

and Pin
-

Cd ) :

In both cases the reflection

of W in the hyperplane tv is

realized by :

- Ocr ) Nw )N5
'

= 8 ( rfw ) )

#t
1→{±R → Pint (d) → Old ) - 1

h { ±i } → Pin -

(d)Esoarl

the lift of affection Rv is

Hid = { ± Vv ) }
In Pint HVP = +1

In Pii RvP= - 1



3
.

2Boddwehattj.si#fC2)symmny

.

General fact about symmetry
in QM :

We have
a projective rep

p : as GKLL )
just a true

rep. of some

other
group @ ÷ K ) ae .

of G
W

:
f:G→GL(Ll)tverD

Symmetry: One time evolution
to another

.



If we have dynamics, e.g.
a Hamiltonian

UH ) = e-
'

'

t€H

Hq)ua=uouJy( as long as g
doesn't chmye

the orientation of time )

( vg )
,

H ] - o
.

If Llx is an eigenspace
of H : Hit = Exit

,
4eH×

then flack is a rep .

Space of G
.

HUCG )4=Ug)H4 = Ex U$4



so Up :H*→Ll ,

• Symmetry helps block diagoaliee
Hamiltonians

:kk¥o#⇒
.

03=42 ground state is
a Q - bit

Em= ±E(m-BT

ground state is spanned by
Yo and Y

, 2-dime



spank,4,
} = Ll

,

t= HF
I

must be a rep. of Pines )
.

pre , ) = E
' • '

Rca )

you check relative to ordered
basis { 14,4 , } matrix

:
-

Y¥7±IH,:¥f¥←

Note I it induces rotation

by x= 2£
-



so a rotation by x would

be represented by

fish JHD
Not well - defined because

X~x+2F
. Llxgn ,

is not

a nep of OR ) but it is
a rep of Pinta )

.

= * -



�4� preface :

Consider QM of a particle on

the line in double well potential

&@÷**lWE¥÷
.

to

x

H= - t÷m¥++uc× , 4tHH+¥o
acts on ECR ) - Ll

UK ) = Utx ) 2/2 symmetry
Realized on Ll P :4d→4tx )

[ P,H]=0 Ltfltoft
Rtl P= -1In

perturbation theory the ground slate
is 2- fold degenerate



In stanton / Tunneling effects modify
the approximate expressions

and the true QM
. groudstate

is ONE DIMENSIONAL

C and in Yet )
Now lets consider our particle
Oh a

nine
-

QTGF.tk#u

U$ ) = [ Cncoskd ) + Sn since I
NEZ

Completely breaks classical OR ) symm .



But we can restrict to a special
set of potentials ( still coly many )

UH ) = [ un cos @n¢ )

Classical OR ) symmetry D

broken to 2/2×2/2 generated
but

p : ¢ → - ¢ (only cosines )
r : $ → $+#

--
Rct )

15=1
,

r2= 1
, pr = rp

1→Zz→?R, →

Each
ni

1$Bi#,P7DARcx)l→7h→€¥0d)→ 1

Restrict this extension to

ZZXZECOR )

.Rft),pM



If we believe the acyde is

Continuous

asafonctionofrt-
We know

coqde
at Un =o tn )

For 28 odd

wewillget

the extension '÷¥t€\u
1 →Zz→Dy→z<xZz→ 1

P*edicti÷ even for Unto
There will be operators

R
,

P Commuting with

Hqu
. satisfying Dy relations

Dial
,

Pkl
,

PRP = R
' '




